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We study the repartition of the eigenvalues of an h-pseudodifferential operator in
a small neighbourhood of an energy where the Hamiltonian flow associated with
the principal symbol of the operator is periodic. The proof is based on a geometric
lemma and perturbation techniques to obtain the results from the known theorem
in the case of a periodic flow in an energy band (B. Helffer and D. Robert, Ann.
Inst. H. Poincare 41 (1984), 291331).  1997 Academic Press
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1. INTRODUCTION
We study the eigenvalues of an h-pseudodifferential operator P(h) in
a neighbourhood of width O(h) around a real number E where the
Hamiltonian flow associated with the principal symbol of P(h) is periodic
on the surface defined by the energy level E.
We first show that these eigenvalues are localized in intervals of width
O(h2) centered on a sequence of points which we compute in terms of h and
the classical characteristics of the periodic trajectories on the energy surface
associated with E: their period T, their action S and their Maslov index +.
Secondly we study the number of eigenvalues in each of these small
intervals.
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The first results in this domain have been given by M. Gutzwiller in [14]
and by R. Balian and C. Bloch in [2]. But the first rigourous mathematical
work was obtained, by Y. Colin de Verdie re in [6] and A. Weinstein in
[20], in the case of the Laplacian on a Riemannian manifold. Other
authors have worked in this domain: R. Brummelhuis, J. Chazarain,
J. J. Duistermaat, V. Guillemin, B. Helffer, D. Robert, and A. Uribe.
Our results generalize those obtained by R. Brummelhuis and A. Uribe
in [3]. Their theorems apply to Schro dinger operators &h22+V, but for
quantized parameter h. We eliminate this quantization, and even for
Schro dinger operators, we improve their results, studying the distribution
of the eigenvalues in largest intervals than they do. Our results have been
announced in [9].
Our initial proof (cf. my thesis [10] or the preprint [11]) uses the
localization in a neighbourhood of width O(h) near E by the operator
.((P&E)h) defined by the functional calculus as
.\P&Eh + %(P)=
1
2? | e
&i(tPh)%(P) ei(tEh) .^(&t) dt.
We replaced the localized evolution operator e&i(tPh)%(P) by its approxi-
mation by a Fourier integral operator, constructed by the WKB method.
We then obtained the results, composing suitable FIO and using composition
rules of the principal symbols, which were developed for the Gutzwiller’s
trace formula in Meinrenken’s article [18]. We present here another proof,
suggested by Y. Colin de Verdie re, which required a more precise geometrical
analysis but reduced the study to the case when the Hamiltonian flow is
periodic in an energy band. In this case, results were obtained by B. Helffer
and D. Robert in [16]. This proof is nicer than our first one, but it uses
the fact that the energy surface is of contact type. This is always true in Rn,
but may be not in other manifolds, where the other proof is still relevant.
Statement of the Theorems
Let P(h) be an h-pseudodifferential operator associated with an h-regular
symbol p(h) of weight (m, ,, 8) (we denote this class of symbols by
7(m, ,, 8)). We denote its formal symbol by  pj h j. We have by Weyl’s
quantization (cf. [19] for details and for some notations), for all u # S(Rn)
and for all x # Rn
P(h) u(x)=Opwh ( p) u(x)
=(2?h)&n || e(ih)(x& y) .!p \x+ y2 , !, h+ u( y) dy d!. (1.1)
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We make the following assumptions.
(H1). The symbol p(h) is real for all h in ]0, h0].
(H2). The principal symbol p0 is bounded from below by #0 in R.
(H3). For #1<#0 , ( p0&#1) is a tempered scale and
pi # 7(( p0&#1)(,8)&i, ,, 8) \i # N*.
By these first three assumptions, P(h) is essentially self-adjoint, starting
from C 0 (R
n). Let us fix now E in R.
(H4). E is not a critical value for p0 .
(H5). There exists \>0 such that p&10 ([E&\, E+\]) is a compact
set.
This last assumption assures that, in a neighbourhood of E, the spectrum
of P(h) is discrete.
7(P(h)) & [E&\2, E+\2]/7dis(P(h)).
In the case of the Schro dinger operator, all the previous assumptions can
be realized (after some modification) if V is C and lim inf |x|   V>E.
Indeed, by the functional calculus of h-pseudodifferential operators, we can
change the symbol of the operator outside the studied energy band
(cf. [15]).
(H6). The energy surface WE= p&10 (E) is connected.
(H7). The Hamiltonian flow associated with p0 , ,tp0 , is periodic with
period T on WE .
(H8). p^1 =
def T0 p
w
1 (,
u
p0( y, ’)) du is independent of ( y, ’) in WE .
(H9). For all t in ]0, T[, ,tp0 has no fix point on WE .
Let us denote by S (resp by +) the action (resp the Maslov index) of a
periodic trajectory. Since WE is connected, they are independent of the
trajectory. Then we have the following theorems.
Theorem 1. Under the assumptions (H1) to (H8), for all a # R*+, there
exist h1h0 and C # R*+ such that
7(P(h)) & [E&ah, E+ah]/ .
k # Z
Ik(h) \h # ]0, h1] (1.2)
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where
Ik(h)=_&ST+
h
T \&
?
2
++ p^1+2?k+&Ch2,
&
S
T
+
h
T \&
?
2
++ p^1+2?k++Ch2&. (1.3)
We can generalize this theorem and obtain the following.
Theorem 2. Let us assume that P(h) satisfies conditions (H1) to (H8).
Then for all b # R*+, and for all = with 0=< 12 , there exist h1h0 and
C # R*+ such that
7(P(h)) & [E&bh1&=, E+bh1&=]/.
k
I =k(h) \h # ]0, h1] (1.4)
where
I =k(h)=_&ST+
h
T \&
?
2
++ p^1+2?k+&Ch2&2=,
&
S
T
+
h
T \&
?
2
++ p^1+2?k++Ch2&2=&. (1.5)
The assumption =<12 assures that these intervals are disjoint for h
small enough. This result is in itself interesting. It was also recently used by
M. Combescure and D. Robert in [8] to show the converse of a semiclassical
version of a theorem due to Helton, on the density of distances between
two consecutive eigenvalues and the non-periodicity of the Hamiltonian
flow.
Let a be in R*+. We keep the notations of Theorem 1. We are interested
now in the asymptotic behavior of Tk(h), the number of eigenvalues of P(h)
in intervals Ik(h) & [E&ah, E+ah]. Let k be in Z and h in ]0, h1]. We
define ;(k, h) by:
&
S
T
+
h
T \&
?
2
++ p^1+2?k+=E+;(k, h) h. (1.6)
We introduce
Ma=[(k, h) # Z_]0, h1] | Ik(h)/[E&ah, E+ah]]. (1.7)
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Theorem 3. We make the assumptions (H1) to (H9). For all a # R*+,
there exists h2 and, for all N0 # N*, there exists CN0 such that, for all
(k, h) # Ma , 0<hh2
Tk(h)=
h1&n
(2?)n&1 T |W E
d_E
|{p0 |
+ :
N0&1
j=1
:j (;(k, h)) h1&n+ j+RN0, k(h), (1.8)
where d_E is the canonical measure on the surface WE , :j (X) is a polynomial
of degree at most j, and |RN0 , k(h)|CN0 h
1&n+N 0.
We can specify the expansion in the particular case when h is quantized.
Let k0 be in Z. We denote by M k0a the set of (k, h) belonging to Ma
and satisfying h=(S+TE)(2?(k&k0)). We then obtain the result of
R. Brummelhuis and A. Uribe in [3].
Corollary 4. There exists h2h1h0 such that for all (k, h) in M k0a ,
0<hh2 ,
Tk(h)= :
n&1
j=0
:j (;(k0)) h1&n+ j. (1.9)
The number of eigenvalues in Ik(h) is a polynomial in 1h of degree n&1 and
its leading term is :0=1[(2?)n&1 T ] WE d_E|{p0 |.
Remark. We recall that B. Helffer and D. Robert obtain in [16] the
same results, with stronger assumptions. They studied the spectrum in an
energy band and they do the previous assumptions for E in an interval,
and not only a point.
We denote by H instead of H these assumptions. (Hi)=(Hi) for i=1
to 5.
(H6). The energy surface WE= p&10 (E) is connected.
(H7). The Hamiltonian flow associated with p0 , ,tp0 , is periodic with
period TE on the energy surface WE .
(H8). The subprincipal symbol pw1 of P(h) is identically 0.
(H9). For all E in [E1 , E2], for all t in ]0, TE[, ,tp 0 has no fix point
in WE .
Using a functional calculus for h-pseudodifferential operators, they
replace P(h) by f ( P(h)), for a suitable f, chosen in order that the period of
the Hamiltonian flow associated with f (P) becomes constant.
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2. APPROXIMATION BY AN HAMILTONIAN WHOSE FLOW
IS PERIODIC IN A BAND
We studied the following example in our thesis. Let us assume n=2 and
let us denote the Hamiltonian of the harmonic oscillator by p0 . Let E be
in R*+. We define
p(x, !)= p0(x, !)+
1
2E 2
( p0(x, !)&E)2 (x21+!
2
1).
The assumptions are verified with P(h)=Opwh ( p), but the Hamiltonian
flow associated with p is not periodic in a neighbourhood of E. We remark
that p& p0 vanishes to the first order on the energy surface WE . This
suggests that it could be the general case. We shall prove that it is indeed
the case, following a suggestion of Y. Colin de Verdie re.
2.1. Construction of an Hamiltonian with Periodic Flow in an Energy Band
Lemma 5. Let E # R. Let p0 be a real valued C function on an open set
U of R2n such that E is in p0(U). Let us assume that E is not a critical value
of p0 and that there exists = (= # R*+) such that p&10 ([E&=, E+=]) is a
compact set. Let us denote p&10 (E) by WE . Let us assume that WE is connected
and that the Hamiltonian flow associated with p0 is periodic on WE , of
period T>0.
Then there exists a C function q0 , on a neighbourhood of WE , such that
q0& p0=O( | p0&E| 2),
and such that the Hamiltonian flow associated with q0 is periodic in a
neighbourhood of WE .
Remark. Let us emphasize that this is only a local lemma, in a
neighbourhood of WE .
Proof. The energy surface WE is of contact type. We look for a 1-form
: such that (WE , :) is of contact type.
Let us denote the Hamiltonian vectors field associated with p0 by Hp 0
and the canonical symplectic 2-form on T*Rn by |0 : |0= d!j 7 dxj .
We look for : primitive of |0 , satisfying :(Hp 0)=A{0. In that case,
(WE , :) will be of contact type, since : 7 (d:)n&1 will be a volume-form.
Let set ;= !j dxj . We look for : of the form :=;+dg. We then look for
g such that
Hp 0g=A&;(Hp 0) =
def f. (2.1)
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Let us denote by I the integral of ; along the periodic trajectories of Hp 0
(I is independent of the trajectory). If we set A=IT, then the integral of
f along the periodic trajectories of Hp0 is zero. It implies, by a standard
result, that we can solve the equation (2.1). We have actually an explicit
formula for g:
g(x)=
1
T |
T
0
tf (8tp0(x)) dt \x # WE .
We thank F. Golse for suggesting this formula. We have now to verify that
A is not zero, i.e. I is not zero. Let us assume that I=0. With the previous
method, we can find : such that |0=d: and :(Hp0)=0. Since WE is a
smooth and connected hypersurface of R2n, it separates R2n into two
connected components. Since WE is a compact set, one of them, denoted
by W, is bounded and WE is the boundary of W. We then apply the Stokes’
formula
Vol(W )=|
W
|n0=|
W
: 7 (|0)n&1.
But, at every point x in W=WE , : 7 (|0)n&1 (x)=0, since Hp0(x) #
TxWE and :(Hp0)=0. We then obtain
Vol(W )=0
which is a contradiction, since W contains a small enough open set (WE is
a non empty hypersurface of R2n).
Symplectification. Starting from the contact type manifold (WE , :), we
construct, as it is classical (cf. [1]), a symplectic manifolds, denoted by
(X, |1). X is the symplectic submanifold of T*WE , equipped with its
canonical symplectic structure, defined by
X=[(_, {:) | _ # WE , {>0]. (2.2)
The map (_, {) [ (_, {:) gives the identification XrWE_R+.
Then the Hamiltonian
f (_, {:)={ \(_, {) # WE_R+ (2.3)
has all its trajectories periodic. We have, indeed, if we denote the
Hamiltonian flow associated with f by 8f (t, .),
8f (t, _, {:)=(,tp 0(_), {:) \(_, {) # WE_R
+ (2.4)
and so this flow is periodic on X, of period T (independent of the energy).
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Conclusion. We identify WE and XE=[(_, {:) # X | {=E]. We have
two different symplectic structures |0 on T*Rn and |1 on X, which
coincide at every point of WE on TWE . First, we would conjugate |1 to
identify them at every point of WE . Since :(Hp0){0, there exist two
vectors fields, defined on WE , denoted by N0 and N1 , transversal to WE
and such that
|0(N0 , .)=: and |1(N1 , .)=: on WE . (2.5)
Let us denote by h a diffeomorphism from a tubular neighbourhood of WE
in T*Rn onto a neighbourhood of XE in X, such that
h |WE=Id and Dh(N0)=N1 . (2.6)
Setting |2=h*|1 , |0 and |2 coincide at every point of WE .
Second, we apply the extension theorem of DarbouxWeinstein (p. 23 of
[21]). There exist neighbourhoods U and V of WE in T*Rn and a symplecto-
morphism g from (U, |0) onto (V, |2) such that
g |WE=Id and Dg | TW E R2n=Id. (2.7)
It is clear that q0= f b h b g is periodic in a sufficiently small compact
neighbourhood of WE . We have now to verify that q0 approaches p0 to the
first order on WE . Obviously
q0 |WE= f |X E=E= p0 | W E . (2.8)
By a little computation, we easily see that
{q0 | WE={p0 | WE . (2.9)
(The derivatives along TWE vanishes for the two Hamiltonian, and the
choice of h and g gives the equality of the transversal derivatives.) K
2.2. Comparison of the Spectra
Let P be an h-pseudodifferential operator associated with an h-regular
symbol and satisfying the assumptions (H1) to (H7). Let us denote its
principal symbol by p0 . We can apply Lemma 8 to p0 . We obtain a symbol
q0 defined near the energy surface WE . We extend it in such a way that
q0= p0 outside a compact neighbourhood of WE and that WE=q&10 (E).
Let us denote by Q an h-pseudodifferential operator associated with an
h-regular symbol and such that its principal symbol is q0 and its sub-
principal symbol is identically zero. Then the operator Q satisfies the
assumptions (H1) to (H8). We can apply to it the results obtained by
B. Helffer and D. Robert. To deduce results for P, we need now to compare
the spectrum of P with the one of Q.
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Remark. Changing P in /(P) with /(t)=t on [E&=, E+=], / increasing
and bounded, we can assume that the symbol of P, denoted by p, is in
7(1, 1, 1). We have the same assumption for q, the symbol of Q.
Lemma 6. Let P(h) (resp Q(h)) be an h-pseudodifferential operator
associated with a symbol p (resp q) in 7(1, 1, 1). Let us denote their principal
symbols by p0 and q0 . Let us assume that p&10 (E)=q
&1
0 (E) (=WE), that p0
and q0 coincide to the order 1 on WE and that the sub-principal symbols
coincide on WE . Then there exists h-pseudodifferential operators Ai (h),
i=0, 1, 2, whose symbols are in 7(1, 1, 1) and an h-pseudodifferential operator
R(h) whose symbol is in 7(1, 1, 1) and supported outside of p&10 ([E&’, E+’])
( for some ’ # R*+), such that
P(h)&Q(h)=A0(h)(P(h)&E)2+hA1(h)(P(h)&E)+h2A2(h)+R(h).
(2.10)
Proof. Let ’ be in R*+. Near WE , by Taylor’s formula with integral
remainder, there exists a0 such that p0&q0=a0( p0&E)2. We can globally
write
p0&q0=a~ 0( p0&E)2+r0 (2.11)
with a~ 0 and r0 in 7(1, 1, 1) and Supp(r0) & p&10 ([E&’, E+’])=<. We
deduce from (2.11) the transposed equality, modulo O(h) in L(L2) norm,
for operators associated with the symbols. We obtain (2.10) by computing
the sub-principal symbols and using the development to the order 0 of the
sub-principal symbols of P and Q, as for (2.11). K
Let us now choose P(h) and Q(h) as in the beginning of the subsection,
adding the assumption that the sub-principal symbol of P, denoted by p1 ,
vanishes on WE . Then we can apply to them the previous lemma to get:
Corollary 7. \C # R*+, _: # R*+, such that for h small enough and
for all eigenvalues *(h) of P(h) in [E&Ch, E+Ch], there exists an
eigenvalue +(h) of Q(h) in [E&2Ch, E+2Ch] satisfying
|*(h)&+(h)|:h2. (2.12)
Proof. Let * be an eigenvalue of P in [E&Ch, E+Ch]. Let f be an
associated eigenfunction of norm 1. Let us apply (2.10) to f. We obtain
*f&Qf =(*&E)2 A0 f+h(*&E) A1 f+h2A2 f+Rf.
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Denoting &Ai&L(L2) by :i for i=0, 1, 2, we obtain
&(Q&*) f &L 2[:0C2+:1C+:2] h2+&Rf &L2 . (2.13)
We eliminate &Rf &L2 by using the following known lemma expressing the
decay of the eigenfunction outside the energy surface.
Lemma 8. Let P(h) be an h-pseudodifferential operator associated with a
symbol p in 7(1, 1, 1). Let *(h) be an eigenvalue of P(h) in [E&=, E+=]
(= # R*+) and f (h) an eigenfunction of norm 1.
For all h-pseudodifferential operator R whose symbol is in 7(1, 1, 1) and
supported outside p&10 ([E&2=, E+2=]), we obtain
&Qf &L2CNhN \N # N (2.14)
the constant CN being uniform with respect to *.
Using this lemma with N=2 and denoting :0C 2+:1 C+:2+C2 by :,
we obtain with (2.13)
&(Q&*) f &L2:h2. (2.15)
There exists +, an eigenvalue of Q (the spectrum of Q is discrete in a
neighbourhood of E), such that |*&+|:h2. Moreover, for h small
enough |+&E|2Ch. K
We deduce from this corollary, that
7(Q) & [E&2Ch, E+2Ch]/ .
k # Z
E+;(k, h) h+[&Dh2, Dh2] (2.16)
implies
7(P) & [E&Ch, E+Ch]/ .
k # Z
E+;(k, h) h+[&(D+:) h2, (D+:) h2].
(2.17)
3. PROOFS OF THE THEOREMS
3.1. Distribution of the Eigenvalues
Let us take the notation of 2.2. The operator P(h) satisfies the assump-
tions (H1) to (H7) and its sub-principal symbol vanishes on WE . The
operator Q(h) satisfies the assumptions (H1) to (H8). We can then apply
to Q(h) the result of B. Helffer and D. Robert on the distribution of the
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spectrum. For all C in R*+, for h sufficiently small, we have the repartition
(2.16) with D in R*+ and ;(k, h) such that
E+;(k, h) h=&
S
T
&
?
2T
+h+
2?
T
kh.
Here S (resp. +) is the action (resp. the Maslov index) of the periodic
trajectories of Hq0 on q
&1
0 (VE) where VE is a small neighbourhood of E. In
particular they are the action (resp. the Maslov index) of the trajectories of
Hq 0 on WE . Since q0 coincides with p0 to order 1, S (resp. +) is the action
(resp. the Maslov index) of the periodic trajectories of Hp 0 on WE . Using
the results of the previous subsection, we obtain the repartition (2.17) and
so the Theorem 1 for P(h).
3.2. Counting Function Relative to Each Interval
For the moment, P satisfies (H1) to (H7), (H9) and its sub-principal
symbol p1 vanishes on WE . Then Q satisfies the assumptions (H1) to
(H9). We apply to the operator Q the result of B. Helffer and D. Robert
on the approximate multiplicity. To control the multiplicity, we will
construct a continuous path from Q to P, each point of the path satisfying
the required assumptions, and we will prove that the multiplicity is continuous,
and so constant, along this path. Then let us set, for all t in [0, 1]
Pt=tQ+(1&t) P. (3.1)
Let us denote its principal symbol by pt0 . Choosing q0 such that q0= p0
outside a suitable compact neighbourhood of WE , the symbols pt0 and q
satisfy the assumptions of Lemma 6 and Corollary 7 and Pt satisfies,
uniformly with respect to t, the assumptions (H1) to (H5). We then deduce
that, uniformly in t and for h small enough independently of t
7(Pt) & [E&Ch, E+Ch]/ .
k # Z
E+;(k, h)h +[&(D+:) h2, (D+:) h2].
(3.2)
We study now the multiplicity with respect to t. Let us denote the intervals
of localization by Ik(h) and the multiplicity of Pt in these intervals by
T tk(h). For h small enough, we can find a closed path #k, h of C, independ-
ent of t, which surrounds Ik(h) without intersecting other intervals, where
there is some spectrum of Pt . We have
T tk(h)=
1
2i?
Tr |
# k, h
(Pt&z)&1 dz. (3.3)
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We compute
T tk(h)&T
t$
k(h)=
(t&t$)
2i?
Tr |
# k, h
(Pt&z)&1 (P&Q)(Pt$&z)&1 dz.
The symbols of P and Q coincide outside a compact set: P&Q is class
trace. Since (Pt&z)&1 is continuous from L2(Rn) to L2(Rn) and since its
norm of continuity can be uniformly bounded with respect to t (by O(h&1),
because the distance from z to 7(Pt) is bounded from below by O(h)
uniformly with respect to t; but for the moment, h is fixed in ]0, h0], h0
being independent of t), we deduce the following inequality
|T tk(h)&T
t$
k(h)|Ck, h |t&t$|. (3.4)
The multiplicity T tk(h) is then continuous in t. Since it is entire valued, it
is constant. So we deduce the semiclassical asymptotic of the number of
eigenvalues of P(h) in Ik(h), from the one obtained for Q.
3.3. The Generalized Distribution Theorem
We now prove Theorem 2. Let = be in [0, 12[.
Let us come back to the proof of Corollary 7, using the same assumptions
on P and Q. Let * be an eigenvalue of P. Let f be an associated eigenfunction,
of norm 1. We apply (2.10) to f. We obtain, if * is in [E&Ch1&=,
E+Ch1&=]
&(Q&*) f &L2[C2:0+ch=:1+h2=(:2+C2)] h2&2=
i.e. with a suitable :~ ,
&(Q&*) f &L 2:~ h2&2=.
So there exists +, eigenvalue of Q, such that |*&+|:~ h2&2=. And for h
small enough |+&E|2Ch1&=. But Q verifies (H1) to (H8). We apply to
Q the result from B. Helffer and D. Robert. Then we deduce, as previously,
that for h small enough
7(P) & [E&Ch1&=, E+Ch1+=]/ .
k # Z
I =k(h). (3.5)
with
I =k(h)=[E+;(k, h) h&2:~ h
2&2=, E+;(k, h) h+2:~ h2&2=]. (3.6)
The condition =<12 assures that the intervals I =k(h) do not intersect each
other.
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3.4. Case of a Non-vanishing Sub-principal Symbol
We proved Theorems 1, 2 and 3 in the case when the sub-principal
symbol of P(h), denoted by p1 , vanishes on WE . We have to generalize
them under the weaker assumption (H8) on p1 . Firstly by averaging (cf.
[17]), we amount to the case when the sub-principal is constant on WE .
Let us denote by q0 a symbol in 7(1, 1, 1), whose Hamiltonian flow is
periodic in an energy band around E, and which approaches p0 to the first
order on WE . Let us denote the operator associated with q0 (resp. p1) by
Q0(h) (resp. P1(h)). The previous section allows to replace the study of the
spectrum of P(h) by the one of Q0(h)+hP1(h) in a neighbourhood of
width O(h) around E. The following lemma allows us to replace this study
by the one of Q0(h)+hP 1(h) where
P 1=
1
T |
T
0
ei(tQ0h)P1e&i(tQ0h) dt. (3.7)
Lemma 9. Q0+hP1 and Q0+hP 1 are unitary equivalent, modulo O(h2).
Proof. Let us set for all t in R
P(t)=ei(tPh)P1e&i(tPh) and S=&
1
T |
T
0
dt |
t
0
P(s) ds. (3.8)
These operators are selfadjoint h-pseudodifferential operators (their
symbols are in 7(1, 1, 1)). Let us compare eiS(Q0+hP1)e&iS and Q0+hP 1
by computing their principal and sub-principal symbols with the following
lemma.
Lemma 10. Let A be an h-pseudodifferential operator associated with a
symbol in 7(1, 1, 1), eiSAe&iS is an h-pseudodifferential operator whose
symbol is in 7(1, 1, 1) (in fact h-admissible in the sense of B. Helffer and
D. Robert, cf. [15]) and whose formal symbol is
:
j
i j
j!
_((ad S) j A) (3.9)
where (ad S)A=[S, A].
Proof. Using Beal’s criterion (cf. [19]), which characterizes h-pseudo-
differential operators, we see that eitS is an h-pseudodifferential operator,
whose symbol is in 7(1, 1, 1), and it is unitary, S being selfadjoint. Let us
set A(t)=eitSAe&itS. We have
A( j)(t)=eitS([ad iS] j A) e&itS and A j (0)=([ad iS]) j A, \j # N.
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Since the j first terms of its formal symbol vanish
&A( j)(t)&L(L2)Cj h j \j \t.
Then for all N in N*,
"A(1)& :
N
j=0
i j
j!
(ad S) j A"L(L2)C NhN. K
We then obtain, denoting the principal symbol (resp. the sub-principal
symbol) of an operator L by _0(L) (resp. _1(L)),
_0(eiS(Q0+hP1) e&iS)=q0 (3.10)
_1(eiS(Q0+hP1) e&iS)=[_0(S), q0]+ p1 . (3.11)
On the other hand
_0(Q0+hP 1)=q0 (3.12)
_1(Q0+hP 1)=
1
T |
T
0
p1(,tq 0) dt. (3.13)
These two operators are equal modulo O(h2) in L(L2), if
[_0(S), q0]+ p1=
1
T |
T
0
p1(,tq0) dt.
This last condition is satisfied recalling (3.8) and using Egorov’s Theorem
(cf. [19]) to compute _0(S). K
We can replace the study of the spectrum of Q0+hP1 by the one of
Q0+hP 1 . The sub-principal symbol of Q0+hP 1 is constant (= p^1) on WE .
Let us denote by R an h-pseudodifferential operator whose principal
symbol is q0 and whose sub-principal symbol is identically p^1 . Since the
principal symbols of Q0+hP 1 and R are the same and since their sub-
principal symbols coincide on WE , their spectra are the same modulo
O(h2), in a neighbourhood of width O(h) around E, by Lemma 6 and
Corollary 7. We can then apply to R the results of B. Helffer and D. Robert
in [16], and deduce the results for P from those obtained for R. (In [16],
the sub-principal symbol p1 is constant, equal to zero. But we easily obtain
the same result for a non zero constant sub-principal p1 , changing (?2)+
by (?2)+&p1 in the theorems.)
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3.5. Remarks
We can relax some assumptions of our theorems.
First, (H6) can be relaxed. If WE is not connected, we construct a
localized operator near each connected component of the energy surface.
We apply our results to these localized operators and the decay of the
eigenfunctions outside the energy surface allows to compare the spectrum
of P(h) with the union of the spectra of the localized operators. The result
on the multiplicity is more complicated to describe. This is detailed in my
thesis ([10]).
Second, it is probably possible to generalize Theorem 3 in the case when
(H9) is not satisfied. When sub-periods appear, one can indeed hope to
adapt the proof of Y. Colin de Verdie re in [7] concerning the case of the
Laplacian on a manifold.
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